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The Weibull-gamma (WG) distribution, which is appropriate for
modelling fading environments when multipath is superimposed on
shadowing, is introduced and studied. For this composite distribution
the probability density, cumulative distribution, characteristic functions
and the moments are derived in closed form. Furthermore, the average
bit error and outage probabilities of a receiver operating over WG
fading channels are assessed and compared with the corresponding
performances obtained using other composite distributions.

Introduction: In many real life propagation links, multipath fading and
shadowing occur simultaneously, yielding a composite fading environ-
ment [1]. Depending upon the nature of the radio propagation environ-
ment, several distributions have been proposed for modelling multipath
fading, including Rayleigh, Nakagami and Weibull [1, 2], while
shadowing is modelled by the lognormal distribution [1]. Based on
these distributions various combinations have been suggested for
obtaining the composite environment, including the widely accepted
Rayleigh- and Nakagami-lognormal [1] and a relatively new one,
the Weibull-lognormal (WL) [3]. A common characteristic of these
lognormal-based composite distributions is their complicated mathemat-
ical form that limits their potential applications. An alternative approach
is to employ the mathematically more convenient gamma distribution for
accurately modelling the shadowing effects [4]. Hence, using the gamma
distribution, simpler composite distributions have been proposed, such
as the K [4] and the generalised-K [5]. Furthermore, in a recent work
[6], the probability density function (pdf) of the Weibull-gamma
(WG) fading model was presented in terms of the generalised hypergeo-
metric function [6, eqn (5)]. However, to the best of the author’s know-
ledge, a thorough analysis of the WG statistical characteristics is not
available in the open technical literature and thus is the subject of the
current work. Therefore, in this Letter, by deriving an alternative to
the [6, eqn (5)] representation for the pdf, the cumulative distribution
function (cdf), the characteristic function (CF) and the moments of
the WG composite distribution are presented. Capitalising on these
results, the performance of a single receiver operating over such
fading/shadowing channels is analysed.

Weibull-gamma statistical characteristics: Let R represent the channel
fading envelope following the Weibull distribution with pdf given by [1]
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where b is distribution’s shaping parameter, y is the average fading
power y ¼ EkR2l, with Ek�l denoting expectation, and G(.) is the
gamma function [7, eqn (8.310/1)]. When multipath fading is superim-
posed on shadowing, y slowly varies and hence it can be considered as a
random variable following the gamma distribution with pdf given by
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where a . 0 is the shaping parameter and V ¼ Eky2l. Under these cir-
cumstances the pdf in (1) is conditioned on y, and in order to remove this
conditioning (1) is averaged over (2) as

fX ðxÞ ¼
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Using the Meijer-G representation for the exponentials [8, eqn (11)],
[7, eqn (9.31/2)], [8, eqn (21)], and after some mathematical manipula-
tions, the pdf of the WG composite distribution can be expressed in
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closed form as
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where G(.) is the Meijer’s G-function [7, eqn (9.301)],
bkþl ¼ 1� D k; 1ð Þ; 1� D l; 1� aþ b=2ð Þ with D x; yð Þ ¼ y=x;
ðyþ 1Þ=x; . . . ; ðyþ x� 1Þ=x, while l and k are positive integers
properly chosen in order to satisfy l=k ¼ b=2. By varying a and b,
the pdf of this generalised-Weibull distribution can simultaneously
describe several multipath and shadowing conditions. For instance, for
a! 1, (4) approximates the Weibull distribution, for b ¼ 2 and
using [7, eqn (9.34/3)], it simplifies to the K-distribution and hence
approximates the Rayleigh-lognormal distribution, while for
b! 1;a! 1, (4) approaches the additive white Gaussian noise
(AWGN) channel. Furthermore, by following a similar procedure as in
[4], a relationship between the parameters a and b of the WG distri-
bution and the mean, m, and standard deviation, s, of the WL can be
derived as
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where C �ð Þ and C0 �ð Þ are the psi function and its derivative, respectively
[7, eqn (8.360/1)]. Substituting (4) in the definition of the nth order
moments of X, mX nð Þ ¼

D
EkXnl, making a change of variables and

using [7, eqn (7.811/4)], a closed-form expression for mX nð Þ can be
obtained as
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Furthermore, using the product theorem for the gamma functions [7, eqn
(8.335)] and after some mathematical manipulations, (6) simplifies to
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Substituting (4) in the definition of the cdf of X, FX ðxÞ ¼
D Ð x

0 fX xð Þdx,
making a change of variables and using [8, eqn (26)] yields
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The CF of X is defined as FXðsÞ ¼
D

Ekexp �jsXð Þl, where j ¼
ffiffiffiffiffiffiffi
�1
p

.
Starting from this definition, using (4) and [8, eqn (11) and (21)],
FXðsÞ can be obtained as
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Single receiver: Let us consider a receiver operating over WG compo-
site fading channels. The equivalent baseband received signal can be
expressed as r ¼ shþ n, where s is the transmitted complex symbol
with energy Es ¼ Ek sj j2l; n is the complex AWGN with single-sided
power spectral density N0 and h is the channel complex gain, i.e. X ¼
jhj. The instantaneous signal-to-noise ratio (SNR) per received symbol
is given by g ¼ X 2Es=N0, while using (7), i.e. setting n ¼ 2, the corre-
sponding average SNR can be obtained as g ¼ EkX 2lEs=N0 ¼

VaEs=N0. Using the last two expressions in (8), the cdf of g can be
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easily obtained as
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For the receiver under consideration, the outage probability, Pout,
defined as the probability that g falls below a certain specified threshold,
gth, can be easily obtained, using (10), as Pout ¼ FgðgthÞ. Moreover, by
making a change of variables in (4) and following a similar procedure as
for deriving (9), the moments generating function (MGF) of g, defined
as MgðsÞ W Ekexp �sgð Þl, can be obtained as
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By using (11) and following the MGF-based approach, direct calculation
of the average bit error probability (ABEP) for non-coherent binary fre-
quency shift keying and differential binary phase shift keying (DBPSK)
is possible [1]. For example, the ABEP of DBPSK is given by
Pbe ¼ 0:5Mgð1Þ [1].
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Fig. 1 Outage probability against normalised outage threshold for several
values of a and b

–5 0 5 10 15 20
10–4

10–3

10–2

10–1

av
er

ag
e 

bi
t e

rr
or

 p
ro

ba
bi

lit
y 

(A
B

E
P

)

average input SNR, dB

Weibull-gamma

Weibull-lognormal

Fig. 2 ABEP of WG and WL fading channels against average input SNR for
several values of a, b and s
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Numerical results: In Fig. 1, the Pout is plotted against the normalised
outage threshold, gth=g, for several values of a and b. It is shown that
as gth=g and/or a, b increase the outage performance improves. It
should be noted that the curves for b ¼ 2 correspond to K fading chan-
nels, while it can be easily observed that the gap among the curves
increases as a increases. Fig. 2 shows the ABEP of a single receiver
operating over the ‘equivalent’ WG and WL composite fading channels
against ḡ. The ABEP for WG fading channels is determined using (11),
while for the WL numerical integration techniques have been employed.
Moreover, in order to obtain equivalent channel conditions, (5) is used
for selecting appropriate values for a and s. In Fig. 2, it is evident that
the ABEP performances for these fading channel models are very close,
and this close agreement further improves as a increases. It is noted that
similar ABEP performance results have been obtained for other modu-
lation schemes, e.g. M-ary PSK.

Conclusions: In this Letter the most important statistical characteristics,
such as pdf, cdf, CF and moments of the WG composite distribution
have been derived. Using these results, the performance analysis of a
receiver operating over WG fading channels has been investigated in
terms of the ABEP and the Pout. Numerically evaluated results have
confirmed that the WG distribution can be used as an alternative to
the common, but much more complex, employed Rayleigh- and
Weibull-lognormal distributions as a reliable ABEP predictor in multi-
path/shadowing fading channels.
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